Abstract: A semilinear one-dimensional convection-diffusion equation with distributed control, coupled to the Dirichlet or to the mixed boundary conditions, is considered. A sampled-data controller design is developed, where the sampled-data (in time) measurements of the state are taken in a finite number of fixed sampling points in the spatial domain. Sufficient conditions for the exponential convergence of the state dynamics are derived in terms of Linear Matrix Inequalities (LMIs) depending on the bounds of the sampling intervals. The new method is based on the direct Lyapunov approach via Wirtinger's and Halanay's inequalities.
INTRODUCTION
We develop sampled-data controllers for parabolic systems governed by semilinear convection-diffusion equations with distributed control. Such systems are stabilizable by linear infinite-dimensional state-feedback controllers. For a realistic design, finite-dimensional realizations [1] , [2] , [21] can be applied. However, finite-dimensional control, which employs e.g. Galerkin truncation, leads to local stability results [21] . In [11] the control input has been designed to enter the semilinear heat equation through a finite number of shape functions (e.g. step functions) and their respective amplitude values. Sufficient conditions have been derived for the global stabilization of the infinite-dimensional dynamics. For linear parabolic systems mobile collocated sensors and actuators (see [5] and references therein) or adaptive controllers [17] , [22] can be used. The latter methods are not easy to implement.
Sampled-data control of finite-dimensional systems have been studied extensively over the past decades (see e.g. [3] , [7] , [20] and the references therein). Three main approaches have been used to control sampled-data systems: the discrete-time, the time-delay and the impulsive system approaches. Unlike the other approaches, the discrete-time one does not take into account the inter-sampling behavior and seems not to be applicable to time-varying or nonlinear systems. There are only a few references on sampleddata control of distributed parameter systems [18] , [19] . All these works use the discrete-time approach for linear time-invariant systems.
We suggest a sampled-data controller design for a onedimensional semilinear heat equation, where the sampleddata in time measurements of the state are taken in a finite number of fixed sampling spatial points. It is assumed that the sampling intervals in time and in space are bounded. The sampled-data static output feedback con- troller is piecewise-constant in time and in space. It can be implemented by a finite number of stationary sensors and actuators and by zero-order hold devices. Sufficient conditions for exponential stabilization are derived in terms of LMIs in the framework of time-delay approach to sampleddata systems. By solving these LMIs, upper bounds on the sampling intervals that preserve the stability and on the resulting decay rate can be found.
We note that the LMI approach has been introduced in [9] , [10] for some classes of distributed parameter systems, leading to simple finite-dimensional sufficient conditions for stability. The method in the present paper is based on the novel combination of Lyapunov-Krasovskii functionals with Wirtinger's and Halanay's inequalities.
Notation: Throughout the paper R n denotes the n dimensional Euclidean space with the norm | · |, R n×m is the set of all n × m real matrices, and the notation P > 0 with P ∈ R n×n means that P is symmetric and positive definite. The symmetric elements of the symmetric matrix will be denoted by * . Functions, continuous (continuously differentiable) in all arguments, are referred to as of class 
PROBLEM FORMULATION AND USEFUL INEQUALITIES
In the present paper we consider the following semilinear scalar heat equation
with Dirichlet boundary conditions
or with mixed boundary conditions
where subindexes denote the corresponding partial derivatives. In (1) a > 0 is a constant, φ is a smooth and bounded function φ m ≤ φ ≤ φ M , u(x, t) is the control input.
It is well-known that the open-loop system (1) under the above boundary conditions is unstable if φ M is big enough and that a linear infinite-dimensional state feedback u(x, t) = −Kz(x, t) with big enough K > 0 exponentially stabilizes the system [4] . In the present paper we develop a sampled-data controller/observer design.
Consider (1) under the boundary conditions (2) or (3).
into N sampling intervals. We assume that N sensors are placed in the middlex j = xj+1+xj 2 (j = 0, ..., N −1) of these intervals. Let t 0 < t 1 < ... < t k ... with lim k→∞ t k = ∞ be sampling time instants. The sampling intervals in time and in space may be variable but bounded 0
Sensors provide discrete measurements of the state:
Our objective is to design for (1) an exponentially stabilizing (sampled-data in space and in time) controller:
where
We will start with the sampled-data in space and continuous in time controller u(x, t) = −Kz(x j , t), x j ≤ x < x j+1 , j = 0, ..., N − 1. (7) Remark 1. Our results will be applicable to a more general than (1) convection-diffusion equation
with β ∈ R, a > 0, φ m ≤ φ ≤ φ M under the Dirichlet boundary conditions (2) or under the mixed boundary conditions
where the measurements are given by (5) . System (8) models many physical phenomena. Examples are numerous and among others include the problem of compressor rotating stall with air injection actuator [11] , where z(x, t) denotes the axial flow through the compressor.
Similar to [22] , we change variables in (8) and in the boundary conditionsz(x, t) = e − β 2a x z(x, t). This leads tō
4a , under the Dirichlet or under the mixed (11) boundary conditions. In this case the control law (6) should be modified as follows:
The closed-loop system (10), (12) has the form of (1), (6), where z and φ should be replaced byz and φ 1 respectively and where
. Thus, the stability conditions for (1), (6) can be applied to the closed-loop system (10), (12) .
Some preliminary results on the stability analysis of (1), (6) , where β = 0, under the Dirichlet boundary conditions were presented in [8] .
The following inequalities of Halanay and Wirtinger will be useful: Lemma 1.
[12] (Halanay's inequality). Let 0 < δ 1 < 2δ and let V :
Then
where α > 0 is a unique positive solution of
Lemma 2.
[13] (Wirtinger's inequality). Let z ∈ H 1 (0, l) be a scalar function with z(0) = 0 or z(l) = 0. Then
WELL-POSEDNESS OF THE CLOSED-LOOP SYSTEM
We will establish the well-posedness of the closed-loop system under the Dirichlet boundary conditions (2). The well-posedness under the mixed conditions (3) can be proved similarly. We start with the closed-loop system (1) under the continuous in time controller (7) z t (x, t) = az xx (x, t) + φ(z(x, t), x, t)z(x, t) − Kz(x, t) and under the Dirichlet boundary conditions (2). Introduce the Hilbert space H = L 2 (0, l) with the norm · L2 and with the scalar product ·, · . The boundary-value problem (18) can be rewritten as a differential equatioṅ w(t) = Aw(t) + F (t, w(t)), t ≥ t 0 (19) in H where the operator A = a ∂ 2 ∂ξ 2 has the dense domain D(A) = {w ∈ H 2 (0, l) : w(0) = w(l) = 0}, and the nonlinear term F : R × H 1 (0, l) → L 2 (0, l) is defined on functions w(·, t) according to F (t, w(·, t)) = φ(w(x, t), x, t)w(x, t) − Kw(x, t)
It is well-known that A generates a strongly continuous exponentially stable semigroup T , which satisfies the inequality T (t) ≤ κe −δt , (t ≥ 0) with some constant κ > 1 and decay rate δ > 0 (see, e.g., [4] for details). The domain
H forms another Hilbert space with the graph inner product x, y 1 = Ax, Ay , x, y ∈ H 1 . The domain D(A) is dense in H and the inequality Aw L2 ≥ µ w L2 holds for all w ∈ D(A) and some constant µ > 0. Operator −A is positive, so that its square root (−A) holds. All relevant material on fractional operator degrees can be found, e.g., in [23] .
is called a strong solution of (19) if
holds for all t ∈ [t 0 , T ). Here, the integral is computed in H − . Differentiating (21) we obtain (19) .
Since the function φ is smooth the following Lipschitz condition
with some constant C > 0 holds locally in (t i , w i ) ∈ R × H 1
2
, i = 1, 2. Thus, Theorem 3.3.3 of [15] is applicable to (19) , and by applying this theorem, a unique strong solution w(t) ∈ H 1 2 of (19), initialized with z (0) ∈ H 1 2 , exists locally. Since φ is bounded, there exists C 1 > 0 such that
Hence, the strong solution initialized with z (0) ∈ H 1 2 exists for all t ≥ t 0 [15] .
Consider next the delayed boundary-value problem
under the Dirichlet boundary conditions (2) . We will use the step method for solution of time-delay systems [16] . For t ∈ [t 0 , t 1 ) the system has a form
By the above arguments, (24) has a unique strong solution
. By considering next t ∈ [t k , t k+1 ], k = 1, 2, ... we conclude that (23) has a unique strong solution for all t ≥ t 0 .
LMIS FOR THE EXPONENTIAL STABILIZATION

Stabilization via sampled in space controller
We will start with the stabilization via sampled-data in spatial variable controller which is continuous in time.
Consider the closed-loop system (18) under the mixed boundary conditions (3) . By using the Lyapunov function
we will derive conditions that guaranteeV (t) + 2δV (t) ≤ 0 along (18), (3) . The latter inequality yields
for the strong solutions of (18), (3) initialized with
If (26) holds, we will say that (18) under (3) is exponentially stable with the decay rate δ.
Differentiating V along (18) we finḋ
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Integration by parts and substitution of the boundary conditions (3) lead to
Therefore,
By Young's inequality, for any scalarR > 0 the following holds:
Then, application of Wirtinger's inequality (16) yields
Choosing nextR = ∆ π R, we find from (30)-(32) thaṫ
Hence, by Wirtinger's inequality (16),V (t) + 2δV (t) ≤ 0 if
where b = 4. Under the Dirichlet boundary conditions, application of (17) (3) is exponentially stable with the decay rate δ (in the sense of (26)).
(ii) If the conditions of (i) hold with b = 1, then the system (1), (7) under the Dirichlet boundary conditions (2) is exponentially stable with the decay rate δ. 
where x ∈ [0, π] under the mixed boundary conditions z x (0, t) = z(π, t) = 0. The feasibility of (34) with K = 0, a = 1 guarantees the exponential decay rate δ = 0.25 of the system. This is the exact decay rate since −0.25 is the rightmost eigenvalue of the operator A = ∂ 2 ∂ξ 2 with the domain [23] D
The same conclusion is true for the Dirichlet boundary conditions with δ = 1.
Stabilization via the time-delayed sampled-data controller
The time-delayed controller (6) will be designed for the heat equation (1) under the boundary conditions (2) or (3) . Therefore, we will analyze the exponential stability of the closed-loop system (23), which can be represented as z t (x, t) = az xx (x, t) + φ(z(x, t), x, t)z(x, t)
x j ≤ x < x j+1 , j = 0, ..., N − 1, t ≥ 0, τ (t) ∈ [0, τ M ], z(x, t) = 0, t < t 0 .
The main difficulty in the Lyapunov-based analysis of (36) is the "compensation" of the term K x xj z ζ (ζ, t − τ (t))dζ withτ = 1 for t = t k . The method that we develop in this paper is based on the combination of the LyapunovKrasovskii functional for (36) with Halanay's inequality (14) . Consider the following Lyapunov functional: 
where p 3 > 0, p 1 > 0, r ≥ 0, g ≥ 0. For the Dirichlet boundary conditions we choose q = 0, whereas for the mixed conditions (3) we consider q = ap 3 γ. Note that the exponential decay rate for (36) will be less than δ. 
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